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The complex number system

There is no real number x which satisfies the polynomial equation x2 + 1 = 0. To permit solutions of this
and similar equations, the set of complex numbers is introduced.

We can consider a complex number as having the form a + bi where a and b are real number and i,
which is called the imaginary unit, has the property that i2 = — 1.

Itisdenoted by zi.e. z=a +ib. ‘a’is called as real part of z which is denoted by (Re z) and ‘b’ is called
as imaginary part of z which is denoted by (Im z).
Any complex number is:
() Purely real,ifb=0 ; (i) Purely imaginary, ifa=0
(iii) Imaginary, if b # 0.
1 (a) The set R of real numbers is a proper subset of the Complex Numbers. Hence the complete

number systemisNcW clc Qc R cC.

(b) Zero is purely real as well as purely imaginary but not imaginary.
(c) i =,/~1 is called the imaginary unit.
Alsoi2=—1;i3=—i;i4=1 etc.
(d) Ja /b= \/ﬁ only if atleast one of a or b is non - negative.
(e isz=a+ib, then a—ibis called complex conjugate of z and writtenas z =a—ib

elf Practice Problems

Write the following as complex number

(i) J-16 (ii) Jx . (x>0)
(i)  -b+ J-4ac, (a c>0)

Ans. () 0+i4f1e (i) Vx +0i  (iii)—b+i 4ac
Write the following asccomplex number

0] JIx (x<0) (i) roots of x2 — (2 cos@)x +1=0
Algebraic Operations:

Fundamental operations with complex numbers

In performing operations with complex numbers we can proceed as'in the algebra of real numbers,
replacing i2 by — 1 when it occurs.

1. Addition (@+bi)+(c+di)=a+bi+c+di=(a+c)+ (b+d)i
2. Subtraction (a+bi)—=c+di)=a+bi—-c-di=(@=c)+(b-d)i
3. Multiplication (a + bi) (c'+ di) = ac + adi + bci + bdi2 = (ac — bd) +(ad+ bc)i
4 Divis at+hi a+bi c-bi ac —adi+bci— bdi?

' VIsiyn crdi “Tcedi c—di c? — d2i

ac + bd + (bc —ad)i ac +bd bc —ad i
- _ "
c? —d? c2+d®>  c?+d?

Inequalities in complex numbers are not defined. There is no validity if we say that complex number is
positive or negative.
e.g.z>0,4+2i<2+4iare meaningless.

In real numbers if a2 + b2 =0 then a = 0 = b however in complex numbers,
2,2+ 2,2 = 0 does notimply z; =z, = 0.

Example : Find multiplicative inverse of 3 + 2i.
Solution Let z be the multiplicative inverse of 3 + 2i. then
= z.3+2)=1
1o 8-A
= 27372 T (3+2)(3-2)
_3_2.
- 2713713

Self Practice Problem

=

w

Simplify i1*100 4+ jn+50 4 jn+48 4 [n+46 n T,
Ans. O

Equality In Complex Number:

Two complex numbers z, = a, + ib; & z, = a, + ib, are equal if and only if their real and imaginary parts
are equal respectively

i.e. z,=2, = Re(z,) = Re(z,) and I (z,) =1, (z,).
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Example: Find the value of x and y for which (2 + 3i) x2 - (3 - 2i) y = 2x — 3y + 5i where X, y € R.
Solution (z + 3i)x2 = (3 - 2i)y=2x -3y + 5i
g = 2;(2 - 3yO: 2x — 3y
= X2 —Xx =
&) = x=0,1 and 3x2+2y=5
(@] . 5 .
M = |fx:0,y:E and ifx=1,y=1
e
o 5
N x:O,y:E and x=1y=1
>
m . . . . S
N are two solutions of the given equation which can also be represented as | Y 5 ,
| f th hich Isob das |0 5] &(1,1)
e
T 5
g (O, Ej (1,1) Ans.
> Example: Find the value of expression x*—4x3+ 3x2-2x + 1 when x =1 +iis afactor of expression.
%Solution. X=1+i
= X=1=i
= (x—1)2=-1
o = X2-2x+2=0
Now x4—4x3+3x2-2x+1
= (22X +2) (X2—3X—3)—4x+7
o whenx =1 +1 ie. x2—-2x+2=0
Q X4 —Ax3+3x2—2x+1=0-4(1+i)+7
8 =—4+ 7 —4i
=3-4i Ans.
(7))
% Example: Solve forzif z2+z|=0
L—)Solution. Let z= X'+ iy
_52 = (X +iy)2+ yx>+y2 =0
|q_) = x2=y2+ Jx?1y?2 =0 and 2xy=0
. = x=0o0ry=0
% whenszOl—y12+|y|:O
= y = , , —
= z=0,i,
.. wheny =0 X2+ |x|=0
@ = x=0 = z=0 Ans z=0,z=i,z=—Ii
=
8 Example! Find square root of 9 + 40i
@ Solution. Let (x +iy)?= 9 + 40Qi
= J X% — yZZO: 9 e él))
an Xy =20 " e il
& squing (i) and adding with 4 times the square of (ii)
@) we get-x* + y*— 2x? y2 + 4x? y2 = 81 + 1600
S 2 22 —
-— = (x2+y?? =168
= X2+y2=4 (iii)
% from (i) + (iii) we get x? =25 X=%5
@© andy = 16 = y=+4
X’ from equation (ii) we can see that
% x &y are of same sign _
o X +iy = +(5+ 4i) or = (5 + 4i)
sq. roots of a + 40i = + (5 + 4i) Ans. £ (5 + 4i)
%\Self Practice Problem
-]
)
1
Ny Solveforz : z =iz2 Ans. ig_ii’o’i
© .
©4. Representation Of A Complex Number:
o (a) Cartesian Form (Geometric Representation) :
c Every complex humber z =x + iy can be represented by a point on the Cartesian plane
< known as complex plane (Argand diagram) by the ordered pair (X, y).
8 Imaginary
L
L
o
LL

Length OP is called modulus of the complex number which is denoted by ‘ z ‘ & O is called the
argument or amplitude.

y . . .
z| =x* +y* &0 =tan"1= (angle made by OP with positive x—axis
K1 VX +y . (ang y p )
Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.

page 3 of 38

Teko Classes, Maths : Suhag R. Kariya (S. R. K. Sir), Bhopal Phone : 0903903 7779, 098930 58881.



Get Solution of These Packages & Learn by Video Tutorials on www.MathsBySuhag.com

NOTE

() Argument of a complex number is a many valued function. If 0 is the argument of a complex

number then 2 nmt + 0; n € | will also be the argument of that complex number. Any two arguments of

g a complex number differ by 2n7.
o (i) The unique value of 8 such that — T < 8 < 1 is called the principal value of the argument.
% Unless otherwise stated, amp z implies principal value of the argument.
e (iii) By specifying the modulus & argument a complex number is defined completely. For the complex
) number O + 0 i the argument is not defined and this is the only complex number which is only
n given by its modulus.
5\ (b) Trignometric/Polar Representation :
7 z =r (cos O +i sin 0) where Tz‘ =r;argz=0;Z =r(cos O —isin0)
e :
S NOTE : cos 0 + i sin O is also written as CiS 0 or el ©.
X | 4-iX X L -ix
2- Also cos x :% & sin x :% are known as Euler's identities.
(© Euler's Representation :

z=re®; |z]| =1 argz=0;Z =re ®
o3 (d) Vectorial Representation :
& Every complex number can be considered as if itis the position vector of a point. If the point
8 P represents the complex number z then, dp =z& ‘ dp ‘ = ‘ z ‘ .
) Example: Express the complex numberz=—-1+ /2 i in polar form.
o) Solution. z=-1+i42

lz|= \[(—1)2+(\/§)2 = J1+2 = 3

V2
Argz=n —tant | 7| =n—tan o =6 (say)
z= /3 (cos 6 +i-sine.) where 6 = r =tan~! 42

ol

FREE Download Study Package from website: www.TekoClas

Self Practice Problems
1.

Find the principal argument and |z|

_ —1(9+i)
17 /82
—tanl L 2
Ans. tan 11' 5

22—
Find the |z|-and principal argument.of the complex number z = 6(cos 310°— i sin 310°)
Ans. 6, 50°

Modulus of a Complex Number :

If z = a + ib, then it's modulus is denoted and defined by |z| = /32 +p2 . Infact |z| is the distance
of z from origin. Hence |z, —z,| is the distance between the points represented by z, and z,.

Properties of modulus

| I A ) |
(i) 12,2,] = |z,] - |2,] (ii) 2 | * 2] (provided z, # 0)
(iii) |zy + 2,] <|z4| +[z,] (V) 1Zy = Z,| 2 [|z4] = |2,]|

(Equality in (iii) and (iv) holds if and only if origin, z, and z, are collinear with z, and z, on the same side
of origin).

Example: If ]z—5—7i] =9, then find the greatest and least values of [z — 2 — 3i].
Solution. We have 9 = |z — (5 + 7i)| = distance between z and 5 + 7i.

Thus locus of z is the circle of radius 9 and centre at 5 + 7i. For such a z (on the circle), we
have to find its greatest and least distance as from 2 + 3i, which obviously 14 and 4.

Example: Find the minimum value of |1 + z| + |1 —z|.
Solution [1+z]+|1-z|>2[1+z+1-72 (triangle inequality)

= [L+z|+|1-2] 22

minimum valueof (|1 +z| +[1-2z|) =2
Geometrically |z +1|+|1-2|=|z+ 1|+ |z—1] which represents sum of distances of z from
land -1

it can be seen easily that minimu (PA + PB) =AB =2

e
Ans 2t4e (an]

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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2
z 5 ‘ = 1 then find the maximum and minimum value of |z|

Example:
= p
8. ,.2 214 2] -2 2
= Solution. 5 1 Y 2s|z|+ -
Let|z]|=r
2 2
= r——l<1<r+—
r r
2
r+?21 = re R" ... (i
2 2
and |- <1= —1<r—?sl
= re(,2 (i)

= w

Study Package from website: www.TekoClasses.com & www.MathsBySuhag

()]

o from (i) and (i) r € (1, 2)
Ans. re(1,2)

elf Practice Problem

|z— 3] < 1 and |z — 4i] > M then find the positive real value of M for which these exist at least one
complex number z satisfy both the equation.
Ans. M € (0, 6)

Agrument of a Complex Number :

Argument of a non-zero-complex number P(z) is-denoted and defined by arg(z) = angle which OP
makes with the positive direction of real axis.

If OP = |z| =r and arg(z) = 0, then obviously z = r(cos8 + isin®), called the polar form of z. In'\what
follows, ‘argument of z' would mean principal argument of z(i.e.-argument lying in (— z; «] unless the
context requires otherwise. Thus argument of a complex number z = a + ib = r(cos6 + isind) is.the value
of 0 satisfying rcos6 = a and rsin6 = b.

Thus the argument of z= 0, t — 0, =x + 0, =0, 6 =tan™! ) , accordingasz=a+ibliesin 1, II, III
or IvVirquadrant. 2
Properties'of arguments
0] arg(z,z,) = arg(z,) + arg(z,) + 2mmn for some.integer m.
(i) arg(z,/z,) = arg (z,)— arg(z,) +2mn for some integer m.
(iii) arg (z?) = 2arg(z) + 2mx for some integer m.
(iv) arg(z)=0 = z isreal, for any complex number z # 0
) arg(z)=xn/2 <& z is purely imaginary, for any complex number z = 0
(vi) arg(z, —z,) = angle of the line segment

P'Q’ ﬁ PQ, where P’ lies on real axis, with the real axis.

Q(z,)

Qr
\i\e P(z,)

P’ Real axis
7T

2
Solve for z, which satisfy Arg (z—3—-2i) = -~ andArg (z—-3-4i) = ?n .

Example 6
'% Solution From the figure, it is clear that there is no z, which satisfy both ray
o .
€ \\
=
: e
L 5 rG.2) > real axis
H:J Example: Sketch the region given by
L @) Arg(z-1-i)2>7n/3

(in) |z|=<5&Arg(z—-i—-1)>n/3

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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Im Arg (z—-1-i)=pl6
Arg(z-1-i)=p/3 \

. . p/3 .
Solution (i) (i)
(1.1
"Re

Self Practice Problems
1. Sketch the region given by

0] |Arg (z =i —2)| < n/4 (i) Arg(z+1-i)<n/6
2. Consider the region |z — 15i| < 10. Find the point in the region which has

(1) max |z| (i) min |z|

(i) max arg (z) (iv) min arg (z)

~

Conjugate of a complex Number

Conjugate of a complex number z = a + b is denoted and defined by z =a-—ib.

In a complex number if we replace i by — i, we get conjugate of the complex number. z is the mirror
image of z about real axis on Argand's Plane.

Imaginary Axis

?Z
ol Real Axis
: : ¥
Properties of conjugate
() |z| =Z] (ii) 2z = |z
(iii) (21+2,) = (7)) + (22) (v) (z1-23) = (z1) = (22)
A = . Z (z)
() (z,2,) = 73 7, (Vi) (ZJ = —(22) (z, #0)
(vii) 1z, +2,|? = (2, +.2,) (z,+2,) =122+ 12,12+ 2,2, + 7,2,
i)  (Z) =z (ix) If w=f(z), then w =1f(2)
(x) arg(z)+arg(z) =0
z-1
Example: If 7+1 is purely imaginary, then prove that |z | =1
i z-1
Solution. Re (—j =0
z+1
z-1 z_—1_0 z-1 7-1_
= z+1  |z+1) " = z+1  Z+1
= 2Z-zZ+2z-1+42Z-2+2-1=0
= zz =1 = [z]2=1
= l|z]=1 Hence proved
Self Practice Problem
z,-2z, . . . .
1 If 5 53,18 unmodulus and z, is not unimodulus then find |z, |.
T L1452

Ans. |z,]=2

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com

8. Rotation theorem '
() If P(z,) and Q(z,) are two complex numbers such that |z,| = |z,|, then z, = z, e®where 8 = ZPOQ
(i) If P(z,), Q(z,) and R(z;) are three complex numbers and ZPQR = 0, then
R(z:)
Z3 =72 Z3=722 | .
z2,-2,) | z,-2 e’ 0
1 2 1 2 Q(Zz) P(Z1)

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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(iii) If P(z,), Q(z,), R(z;) and S(z,) are four complex numbers and ZSTQ = 0, then

P(z,) S(z,)
z;-2, _ z;-2,4 i 0
z,-2, z,-2, T
R(z,) Q(z,)
z-1 T )
Example: If arg Z+i)°3 then interrupter the locus. x
. z-1 T :
Solution arg | ;47) =3 o
©
1-z T Re o
= arg [—1—2) =3
Here arg ~1_, | represents the angle between lines joining —1 and z and 1 + z. As this angle
is constant, the locus of z will be a of a circle segment. (angle in a segment is count). It can be
1-z 27
seen that locus is not the complete side as in the major are arg [—1— zj will be equal to — 3
Now try to geometrically find out radius and centre of this circle.
0,1 L2
centre= | Y 3 Radius = NE) Ans.
Example: If A(z + 3i)and B(3 + 4i) are two vertices of a square ABCD (take in anticlock wise order) then
find C and'D.
Solution. Let affix'of C and D are z, + z, respectively
Considering «DAB = 90° + AE) =AB 8(3 + 41
t z4-(2+30) _ (3+40)-(2+3i) in D
We ge AD AB. P o
= Z,—(2+3i)7 = (1L +i)i d
= Z, = 2+3i+i-1 = 1+7i A3 + 4i)
Z3-(3+4i) (z+3i)—(3-4i) im
and CB |~ __AB e-3
= z,=3+4i—(1+1)(-)

z,=3+4i+i-1=z+5i

elf Practice Problems

= W»

z,,2,, 2,5, Z, are the vertices of a square taken in anticlockwise order then prove that
S2,= (A+i)z, + (1-1) z,
Ans. (1+i)z, +(1-1)z,4

2. Check that z,z, and z,z, are parallel or, not
where, z, =1+ z,=4+2i
z,=2-i z,=1-i

Ans. Hence, z,z, and z,z, are not parallel.

w

P is a point on the argand diagram on the circle with OP as diameter “two point Q and R are taken such
that ZPOQ = ZQOR
If O is the origin and P, Q, R are represented by complex z,, z,, z, respectively then show that
z,2 cos 20 = z,7,c0s20
Ans.  z,z,c0s%0

Teko Classes, Maths : Suhag R. Kariya (S. R. K. Sir), Bhopal Phone : 0903903 7779, 098930 58881.

9. Demoivre’s Theorem:
Casel
Statement :
If nis any integer then
(1) (cos B +isinB)"=cosnd +isinnd
(i) (cos 6, +isin0,) (cos 0,) +isin 6,) (cosb, + i sin 6,) (cos 6, +isin0O,) ..... (cos 6, +isinB)
:cos%91+92+93+ ......... 0,)+isin(0,+6,+0;+...... +%n
Casell

Statement : If p, g € Z and g # 0 then

o 2km +po [ 2km+pd
(cos@+isin®)Pa =cos |— | +isin|—— —

q
wherek=0,1, 2,3, ...... ,q-1

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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NOTE : Continued product of the roots of a complex quantity should be determined using theory of equations.

glo. Cube Root Of Unity :

: Self Practice’Problem

% 0] The cube roots of unity are 1, —1+ i‘/§ , -1-i\3 .
© (i) If wis one of the imaginary cube rozots of unityzthen l+o+n2=0.Ingeneral 1 + o'+ ©? = 0;
g where r € | but is not the multiple of 3.
(_Q (iii) In polar form the cube roots of unity are :
2 2 4 4
% cos 0 + i sin O; cos?7T +isin?n,cos?7T +1isin ?n
e (iv) The three cube roots of unity when plotted on the argand plane constitute the verties of an
T equilateral triangle.
> V) The following factorisation should be remembered :
S (a, b, c € R & wisthe cube root of unity)
a®—Db3=(a—Db) (a— wb) (a — w2b) : X2+ X+1=(X—0) (X—w0?) ;
as+bd=(a+b)(a+ wb)(a+ w?h) : aZz+ ab + b2 =(a-bw) (a-bw?)
. al+b3+c3—3abc=(a+b+c)(a+ ob+ w2c) (a+ ®w?b + wc)
c Example: Filrgg thel\églue of ®192 + 19
Solution. ol%? + o
8 Zl + ©? =-o
. ns. -—-o
8 Example: If 1, o, ®* are cube roots of unity prove
)] 0] l-o0+0d)(l+o-—w’)=4
%2) (i) l-0+e?)’+(1+0-w)>=32
< (i) (@E—o)y@=o)(l-0"1-o) =9
(@) (iv) I-o+0d)(1-e?+0!) (1l=0"+f) ...... to 2n factors = 22"
gSolution. 0] l-0+o)(1+o-—6?
=(-20)(—2w?
(0] =4
=

10
Find Z(l+ o + ®2r)
r=0

=

Ans. 12

S11. nth'Roots of Unity :

n N

o) If1, 0, 0, O5.... O, , are the n, nt.root of unity then :

o

; Imaginary axis

: o

) . 2nn |1 _

% (i) They are in G.P. with common ratio e/™m & . R O)Rea' axis

X

(&)

©

o . p p P PR : :

> (i) 1P+ oy + Oy +.... +apn-1 = 0if p is not an integral multiple of n

© =nif p is an integral multiple of n

S

E.j_a_) (iii) 1-ay)@—0,..... (1—ocn_1):n_ _ & o
1+o)@+a,)...... (A+a,_ ,)=0ifnisevenand 1if nis odd.

-.% (iv) lLo, o, 0....... o,_, =1or—1according as nis odd or even.

O Example: Fénd the roots of the equation z® + 64 =0 where real part is positive.

“— Solution. z°=-64

% 26:26_e+i(2n+1)7r X ez

@) , n

D N ;=7 e|(2n+l)6

L in . i 5T il 3 j11n

L z=2e6,2e2 ze2 ,ze8 =eb ze 2 ze 2

E in 1n

roots with +ve real part are = e +e 6
(3
2e " ° Ans.

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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5.( . 2nk 27k
c Example: Findthevalue 2. Sin———cos——

co

= W»

N
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=
N

k=1

6 6
) . 21k 2nk
@Solunon. Z(SIHTJ _ Z(COSTJ

1
g
)
T
|
Mo
(@]

3
N
E
Y
+
o

0
6
- Z (Sum of real part of seven seventh roots of unity) + 1

k=0
= 0-0+1=1
i Ans.

elf Practice Problems

Resolve z7 — 1 into linear and quadratic factor with real coefficient.

Ans. (z-1) (22—2cosz—;z+1j_ (22—2cosgz+1j_ (22—2003%2+1j

. 27[ 47[ 67[
1

The Sum Of The Following Series Should Be Remembered .

sin(n6/2) 01
(i) cos0+cos20+cos30+..... +cosn6zmcos(7j6.

sin(n6 /2 N1
(ii) sin® +sin20 +sin30 +..... +sinn6:m sin (TJE)

NOTE : If 0 = (21/n) then the sum of the-above series vanishes.

13. Logarithm Of A Complex Quantity :
1 1
0] Log, (o +i ) = 5 Log, (a2 + 32) + i(Znn + tan” gj where n € 1.
(ii) il represents a set of positive real numbers given by e_[ZWEJ ,nel
Example: Find the value of
@)  log(L+y3i) Ans. log2 +i(2nn +§)
(i) log(-1) Ans. i
(iir) z! Ans. cos(In2) + i sin(In2) = el
. . —(4n+1).£
(iv) i’ Ans. 2
O @+ Ans. e " Pa
1
(vi) arg (1 +1i)) Ans. Efn(Z).
. . i i(£+2nn]
Solution. (i) log(1+,3i) =log|2e!'®

T
=log 2 +i [§+2nﬁj
(iii) 2i=¢i"m2 = cos (/n2) cos (n2) +isin({n2)]
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Self Pr

=

=
>

NOTE:

actice Problem

Find the real part of cos (1 + i)
1-¢e?

Ans. -
2ei

Geometrical Properties

Distance formula:

If z, and z,, are affixies of the two points { P and Q respectively then distance between P + Q is given
by ilzl - zj.

Section formula

If z, and z, are affixes of the two points P and Q respectively and point C devides the line joining P and
Q internaﬁy in the ratio m : n then affix z of C is given by
_ mz,+nz;

m+n
If C devides PQ in the ratio m : n externally then

mz, —nz
7 = 2 1

m-n
(b) If a, b, c are three real numbers such that az, + bz, + cz, =0 ; wherea+b+c=0and a,b,c
are not all simultaneously zero, then the complex numbers z,, z, & z, are collinear.
1) If the vertices A, B, C of a A represent the complex nos. z,, z,, z, respectively and
a, b, c are the length of sides then,
_ . Z,+ 2, + 24
0] Centroid of the AABC =———+——:

(i) Orthocentre of the AABC =

(asec AJz; + (b secB)z, +(csecClzg z,tan’A + z,tanB + zgtan C
asecA +bsecB + csecC or tanA + tanB + tanC
(iii) Incentre of the’A ABC = (az, + bz, + cz;) + (a+ b +C).

@iv) Circumcentre of the AABC =;
(Zysin 2A + Z,sin2B + Z,sin 2C) +(sin 2A +.sin 2B + sin 2C).

@ amp(z) = 0 is a ray emanating from the origin inclined at an angle 6 to the x=axis.
3 |z—al = |z-Dblisthe perpendicular bisector of the line joiningato b.
4 The equation of a line joining z, & z, isgiven by, z=z, +t(z, - z,) where t is a real parameter.
(5) z = z{ (1 +it) where tis areal parameter is a line through the point z, & perpendicular to the
line joining z, to the origin.
(6) The equation of a line passing through z, & z, can be expressed in the determinant form as
z Z
z, Z, = 0. This is also the condition for three complex numbers to be collinear. The above
z, 7,

equation on manipulating, takes the formaz + a.Z + r = 0whererisreal and o is a non zero
complex constant.

If we replace z by ze'® and Z by ze—® then we get equation of a straight line which. Passes through the
foot of the perpendicular from origin to given straight line and makes an angle 0 with the given straightl
line.

) The equation of circle having centre z, & radius p is :
Z2—2,| =poOrzz —z,Z — 7,z + Z,z,— p% = 0 which is of the form
ZZ+oz+aZ +k=0, kisreal Centreis — o & radius =jao — K
Circle will be realifocat — kK >0..

(8) The equation of the circle described on the line segment joining z, & z, as diameter is
argZ_Z2 :i% or(z—z)(z-z,)+(@z—-z,)(z—7,)=0.

C)] Condition for four given points z,, z,, z; & z, to be concyclic is the number
z,-2, z,

-z . . .
~4_"2 ghould be real. Hence the equation of a circle through 3 non collinear
2,-2, Z,-1

3 2 4 1
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)(2:-2))

points z,, z, & z, can be taken asg_iz)ﬁ is real
T4 37 42

(z-2,) (z:-2,) (Z-%,)(Z,-2,)
= =
-2)@-2) (2-2)(-2)
-7 - .
(10) Arg| 5 _ Z, = O represent (i) aline segmentif 6 ==«
(i) Pair of ray if 6 =0 (iii) a part of circle, if 0 <6 <.
L z, z; 1
(12) Area of triangle formed by the points z,, z, & z; is i Z3 %z 1
z3 z3 1
| ozg +azg +r |
(12) Perpendicular distance of a point z, from the line gz + 0z +r =0 is %
_ . a
(13) () Complex slope of aline az+oaz+r=0 isw=- 5
z,-z
(i) Complex slope of a line joining by the points z, & z, is o = 21 22
17— 42
(iii) Complex slope of a line making 6 angle with real axis = e2
(14) 0, & o, are the compelx slopes of two lines.
(if If lines-are parallel then o, = o,
(i) Iflines are perpendicular then 0, +n,=0

(15) If |z =2,| + |z~ z,| = K> |z, — z,| then'locus of z is an ellipse whose focii are z; & z,

UZ+0Z+r
2| o]
line azg + azg #r=0

(16) If|z—-z,| = then locus of z is parabola whose focus is z, and directrix is the

z-z
@7 If 1. B k #1, 0, then locus of z.is circle.
—Z2
(18) If||z- z, = |z - 22| | =K< |zl— 22| then locus-of z is a hyperbola, whose focii are
z, &2z,

Match the following columns..

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com

Column -1 Column -1I

() Ifl]z-3+2i|—-]z+i]|=0, () circle
then locus of z represents ..........

; z-1) n y N

(i) If arg Si1)° 7 (i) Straight line
then locus of z represents...

(iii) if|]z—8-2i|+|]z-5-6i|=5 (iii) Ellipse
then locus of z represents .......

) z-3+4i 51 )

(iv) If arg Z+2-51)° 5 (iv) Hyperbola
then locus of z represents .......

v) flz-21|+|z+i|=10 (v) Major Arc
then locus of z represents ........

(vi) |z=-3+i|-]z+2-i]|=1 (vi) Minor arc
then locus of z represents .....

(vii) |z-3i| =25 (vii) Perpendicular bisector of a line segment

z-3 + 5i o
(viii) arg |~ S, |==® (viii) Line segment

Ans. I 0 G i) @& wi)  (vi) (i)
I wi) ) wiiy (i) i) @) () (ii)
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15. @ Reflection points for a straight line :
Two given points P & Q are the reflection points for a given straight line if the given line is the
right bisector of the segment PQ. Note that the two points denoted by the complex

numbers z, & z, will be the reflection points for the straight linea.z + aZ + r = 0 if and only if;
az, +aZ,+r=0,whererisreal and o is non zero complex constant.

(b) Inverse points w.r.t. a circle :
Two points P & Q are said to be inverse w.r.t. a circle with centre 'O and radius p, if:
(i) the point O, P, Q are collinear and P, Q are on the same side of O.
(i) OP. 0Q = p2

. that the two points z, & z, will be the inverse points w.r.t. the circle zZ+ az+ aZ +r =0 if and only
ifz,Z, +az, +az,+r=0.
Ptolemy’s Theorem:

It states that the product of the lengths of the diagonals of a convex quadrilateral inscribed in a circle
is equal ro the SL1m of the prodtrcts of Ij gfths of the tvro pairs T)f its OppO’SIte sides.
2,~2,] = 2,2, + |z

z
o
—
@

=
(0)]

i.e. Z,— 7,4 z,-2, z,— 2,
Example: If cos a + cos B + cosy =0 and also sin a + sin  + siny = 0, then prove that
0] COS 2a + C0S2fB + cos2y = sin 2o+ sin 2B +sin 2y =0
(i) sin 3o +sin 3B +sin3y=3sin (a+ B +7)
(iii) cos 3a+cos3p+cos3y=3cos(a+p+7y)
Solution. Let z, =cosa+isina,z,=cosp +isinp,
z, = cosy +isiny.
z,+2z,+2, = (cos.ar+ cos B + cosy) +i (sin o + sin f + siny)
=0+1.0=0 (1)
. 1 . . . .
() Also . =(cosa +isina)*=cosa=-isina
1
—_~=cosB-—isinf, - —cosy-—siny
Z; Z3
7+ + 7 =(cosa+cosP+cosy) —i(sinat+sinp+siny) (2
Z; Z3 Z3
= 0-i.0=0
Nowz >+z2+23= (2, +2,+2,)* =2 (2,2, + 2,2, +2.27)
14y %
=0=2z2,2, z, z, 7,
=0-2z,2,2,.0=0, using (1) and (2)
or (cosa +i sin oc)% + (cosB+isinB)>+(cosy+isiny)?=0
or cos 2a +isin2a)2+ cos 2B +isin2B +cos2y+isin2y=0+1i.0
Equation real and imaginary parts on both sides, cos 2a + cos 2B + cos 2y = 0 and
sin 2o+ sin 2B + sin2y =0
(i) z3+z°2+27° =(z,+2z,)0°-3z2z2,(z,+2,)+2}
=(=z,)° - 321222 z,)+ z23 usmg (1)

=3z,22
(cos a +isin a)®+ (1cos B +isinp)®+ (cosy+isiny)?
=3 (cosa+isina)(cosP +isinP) (cosy+isiny)
or cos 3a + i sin 3a + cos 3p + i sin 3 + cos 3y + i sin 3y
=3{cos(a+B+y)+isin(a+p+y)
Equation imaginary parts on both sides, sin 3o + sin 33 + sin 3y =3 sin (o + § +v)

Alternative method
Let C=cosa+cosp+cosy=0
S=sina+sinf+siny=0
C+iS=ze*+ef+er=0 1)
C-iS=ze™+e+e"=0 (2
From (1) = (e™)?+ (e)?+ (e™)* = (e") (e”) + (e?) (e") +(e") (e")
= e|2a + eIZB + eIZ/ e ela ip el/ (e—Z/ + e—la + e )
= etd+e2P+e=0 (from 2)
Comparing the real and imaginary parts we
COS 2a + c0S 2P + cos 2y —sin 2o + sin 2B +sin 2y =0
Also from (1) (e*)3 + (e®)* + (eV)® = 3e« e eV
= ei3a + ei3B + ei3y — 3ei(a+B+y)
Comparing the real and imaginary parts we obtain the results.

Example: If z, and z, are two complex numbers and ¢ > 0, then prove that
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|z, + z[?<(1+C)|z,|?+ (1 +C7) [z,|?

Solution. We have to prove:
|z, +z]?<(1+c)|zP+ (1 +c?) |z
i.e. |z,I®P + |z, +z,z,+ 2,2,<(1+c) |z |*+ (1 +c) |z,]°
1
or z,z,+z,z,<clz,]*+ctz|? or clz,|*+ < |z|?-2,2, - 2,2, 2 0
(usingRe (z,Z,)< |2,Z,])
2
1
or Ve lzg|-—=12z,1| 20 which is always true.
(Clel- 1 y
Example: If0, e [n/6, n/3],i=1,2,3,4,5, and z* cos 0, + z° cos 0, + z cos 0,. + z cos 0, + cosO, = 2./3,
3
then show that |z| > 2
Solutlon Given that
cos0, . z* + cos0, . z° + cosb, . z*> + cosO, . z + cosb, = 23
or |cosO, . z* + cos(f z°+cos0, . z° + cose4 z + cosO sl = 2V3
293 < |cose z4 | ! |cos6, . z°| + |cosb, . z? | + cos0, . z| + |cosO, |
0i € [n/6, 7'5/13]
1
— <co0sb. < ﬁ
2 T2
f f B, BB
23 < lz|* + —z]* + —1z|*+ —|z| + —
2 2 2
3<|z]* + |2I3 + |z|? + IZI
< zl+z|? + |z + |z|* +|z)® + ... 0
|Z]
3<1—|Z| 3—-e|z| <|z|
afz)> 3 s
L 2
Example: Two different non paralleldines cut the circle |z| = riin pointa, b, c, drespectively. Prove that
. [ ; ) al+bloct-d?
these lines meet in the point z given by z = 2y i odgt
Solution. Since point P, A, B are collinear
D(d) D(d
A(@)
P(z) \B(b)
C(c (¥e} C(c)
P(2) A(ah\-/B(b
z z
aall-9g- z@-b)-z(@-b)+(ab-ab)=0 (i)
b b1
Similarlym, since points P, C, D are collinear
z(@-b) (c-d)-z [c-d) (a—b) = (cd-cd) (a—b) - (ab-ab) (c - d) (i)
ek L
zz = 1’ =k (say) b a=,b=p,c= et

From equation (iii) we get

K Kk k k ck kd ak bk
(55 -0z (55 @ v (55 e-0-[T-5 e-o

atl+bt-ct-d?
abt-clg?
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Short Revision

=

DEFINITION :

Complex numbers are definited as expressions of the forma + ibwherea, be R&i= /-1. Itis
denoted by z i.e. z=a+ib. ‘a’ iscalled as real part of z (Re z) and *b’ is called as imaginary part of

z(Imz).
Every CompLEX NumBER CAN BE REGARDED As
| |
Purely real Purely imaginary Imaginary
ifb=0 ifa=0 ifb=0
- Note :
@ The set R of real numbers is a proper subset of the Complex Numbers. Hence the Complete Number

systemis Nc Wc Il c Q c R c C.
(b) Zero isboth purely real as well as purely imaginary but not imaginary.
i= /-1 is called the imaginary unit. Also i2=—1; i¥=-i ; “=1 etc.
Va +/b =.Jab onlyifatleast one of either a or b is non-negative.

CONJUGATE COMPLEX:
If z=a+ib then its conjugate complex is obtained by changing the sign of its imaginary part &

isdenoted by z. i.e. z =a—1ib.

N —~ —~
MICHC

Note that :
() z+ 7z = 2Re(2) (i) z—17 = 2ilm(2) (i) zz =a?+b? which-isreal
(iv)  If z lies in the1%t quadrant then z lies in the 4" quadrant and —z lies.in the 279" quadrant.
3. ALGEBRAIC OPERATIONS:
The algebraic operations on complex numbers are similiar to those on real numbers treating i asa
polynomial. Inequalities in complex numbers are not defined. There isno validity if we say that complex
number is positive or negative.
e.g. z>0, 4+2i<2+4i are meaningless .
However in real numbers if a2 + b? =0 then a =0 = b but in complex numbers,
z,2 +2,2=0does not imply z, = z,=0.
4. QUALITY IN COMPLEX NUMBER :
Two complex numbers z, = a, +ib; & z,=a,+ ib, are equal if and only if their real & imaginary
parts coincide.
S. REPRESENTATION OF A'"COMPLEX NUMBER IN VARIOUS FORMS:
@ Cartesian Form (Geometric Representation) : Imaginary
Every complexnumber z =x+ iy can be represented by a point on axis
the cartesian plane known as complex plane (Argand diagram) by the P(x.y)
ordered pair (X, y). :
length OP is called modulus of the complex number denoted by 12| &
0 is called the argument or amplitude . A
eg. ‘Z‘ =Xt +yt & (0] Real axis
0=tan! % (angle made by OP with positive x—axis)
. . . . z if z>0 .
NOTE :(i)  |z| isalways non negative . Unlike real numbers | z| = { it 5o ISnotcorrect
(i) Argument of acomplex number is a many valued function. If 6 is the argument of a complex number

then 2nnt +0 ; n e | will also be the argument of that complex number. Any two arguments of a
complex number differ by 2nx.

L (i)  Theunique value of 6 suchthat —m <6 < is called the principal value of the argument.
L (iv)  Unless otherwise stated, amp z implies principal value of the argument.

0 v) By specifying the modulus & argument a complex number is defined completely. For the complex number
0+ 0i the argument is not defined and this is the only complex number which is given by its modulus.

(vi)  There exists a one-one correspondence between the points of the plane and the members of the set of
complex numbers.
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Trignometric / Polar Representation :
z=r(cosO+isinB) where|z|=r; argz=0; Z =r(cosO—isino)
Note: cos6 +isin0 isalsowrittenas CiS 6.

ix —ix ix —ix

e” +e . e” —e . ..
Also cos x = B— & sinx= — are known as Euler's identities.
Exponential Representation :

z=re ;|z|=r ; argz =0 ; Z=re "
IMPORTANT PROPERTIES OF CONJUGATE/MODULI/AMPLITUDE :
Ifz,z,2z,eC then ;
z+7=2Re(z) ; z-z=2ilm@) ; @)=z ; z,+z, =7+ 2, ;

= = - 5 _ = = Z 71
2)-2, = 2, -2, ; 512, =17,.7, 72177 , 2,70

2 2
12]20 ; |z|=2Re @ ; |z|2Im(@); |z|=|zZ |=|-2|; zz=IzF;
_ . 2| _ 17, _

12, 2,1=12,].|2,] ' Z IZ_2|122¢01 | Z"[=]z|" ;

_ 2 2
|z, +2,P+]|2,-2,P=2 [|21| +|22|]

|1z, 1= |z, | | slzg+z,| < |z, + |2, [ TRIANGLE INEQUALITY]
0] amp (z,.2,) = amp z, +amp z, + 2 Kn. kel
(i) amp :—1 —ampz,—-ampz,+2kn ; kel

(iii) _amp(z"y=namp(z) + 2knx.
where proper value of k must be.chosen so that RHS lies in (—x,w].

VECTORIAL REPRESENTATION OFACOMPLEX :
Every complex number can be consideredas If it is the position vector ofthat point. Ifthe point P

-, -
represents the complex number z then, OP =z & |OP | = |z].
- i — i i - - Q1)
If OP =z=re'® then OQ =z, =re! @+t =7 ek If OP and OQ are r P(2)
. A A
of unequal magnitude then 0Q = ope'® o_—T
If A, B, C&D arefour points representing the complex numbers 0
Z2,,2,,23 & 7, then
L 2,7, . 24723 .
AB || CcD if 243 jspurelyreal; AB LCD if " ispurelyimaginary]
Z,—17, _ _ 2 4
If z,, 2,, z, are thévertices of an equilateral triangle where z, is its circumcentre then
(@) z2 +25+25-2,2,-2,2,-2,2,=0 (b) z2 +z3 +z2 =372

DEMOIVRE’S THEOREM : Statement : cosn6 +isinn® is the value or one of the values
of (cosO+isin0)"¥n e Q. The theoremis very useful in determining the roots of any complex
quantity Note : Continued product of the roots of a complex quantity should be determined

using theory of equations.
~1+iV3  -1-iy/3

CUBE ROOT OF UNITY : (i) The cube roots of unityare 1, 5 ,

If w is one of the imaginary cube roots of unity then 1+ w + w? = (% In general
1+w'+w?=0; where rel but is not the multiple of 3.
In polar formthe cube roots of unity are :

. 2r . . 21n dn . . 4¢
cosO+isin0; cos—- +isin——, cos—— +isin—
The three cube roots of unity when plotted on the argand plane constitute the verties ofan equilateral triangle.
The following factorisation should be remembered :

(a,b,c € R & w is the cube root of unity)
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